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ABSTRACT

The paper considers the collision avoidance problem in a system, described by a controlled equation in partial
derivatives, containing the second derivative with respect to time and elliptic operator. New spaces, depending
on nonnegative parameter, are formed with the help of generalized eigenvalues and eigenfunctions. It is proved
here that in the whole scale of these spaces there is unique solution of this hyperbolic equation with the elliptic
operator. At that, the solution and its derivative are continuous in time with respect to the related norm.
Sufficient conditions for the collision avoidance in the problems obtained under geometrical and integral
limitations on the control parameters were gained.
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INTRODUCTION

It is known that many natural processes and phenomena are described by equations in partial derivatives.
Vibrations of limited volumes, mathematical model of which is hyperbolic-type equations with elliptic operator,
in particular, refer to such processes. To solve such equations, it is necessary first of all to enlarge the domain of
definition of the elliptic operator and the operator itself to a self-adjoined one and then to prove existence of a
solution, belonging to the energetic space of this operator. At that it should be noted that to prove the solution
existence, the fact that widened operator has generalized eigenvalues and generalized eigen functions,
composing complete system both in the operator’s energetic space and in each space, is used [1, 2]. Note that
the collision avoidance problem is mentioned in [3]. At that, works [4-10] should be noted as priority in this
direction. The work [1] offers so called equation decomposition method used in this work also. Note that the
above mentioned works mainly consider a pursuit problem — inverse to the collision avoidance problem.

Differential operator A of view [1] is considered in space L2 (Q) :
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where €2 is the bounded by piecewise-smooth boundary domain in - 1. The domain of definition
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of the operator A is C (Q) (the space of twice continuously differentiable functions). The
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coefficients meet the following condition: there is constant 77&0 that for all Xe and
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— > 2 . .
Assuming (2, y)A =(Azy), z,yeC (Q) it is possible to show that ¢, )A meets all
requirements of scalar product.

2
Thus, C (Q) is transformed into a Hilbert space. However, it is incomplete concerning the norm

_ 1/2 L2
HZHA—(AZ, 2)"'?, 7eC?(Q) -
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provided by the scalar product ("O)A. Completing C (Q) concerning the norm H HA, we obtain the
complete Hilbert space, called the energetic space of the operator A.

It is known [1, 2], that under the fulfillment of the condition (2) the operator A has discrete spectrum, more

< <
precisely, has infinite sequence of the generalized eigenvalues 0< /1’1 _2’2 — " with limit in the infinity

and infinite sequence of the generalized eigenfunctions PrrP2seees composing the complete system {(pi }

. =0 . O
in the space L,(©) . We will consider (i, €DJ) '] where "'l is Kronecker symbol.
Let I' be arbitrary nonnegative number. Let’s introduce a denotation

I, :{a:(al,az,...):iﬂ{ai2}<oo

Hr(Q):{f eL,(Q): f =iai¢i,ae|r}
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Let’s define in the spaces Ir , Hf (Q) the scalar products and norms:
(. B), =D Aap, aBel, HaH:(a,a)lr/Z;
i=1
(f.9), =(a,. ), f=2aip, 9=2 B, HfH:HQH
i=1 i=1

Note that Ho(€2) = L,(Q) and H, () = H () for arbitrary O<s<r,
COT;H ()L, (0. T;H(€2)))

®)

We denote by a space, consisting of continuous (square integrable

measurable) functions, defined on [O’T] and with values in H r (Q) , Where T is some positive constant.
Statement of the problem. Let’s consider the following controlled distributed system:

2
% + AZ(t) =—u(t) + v(t), 0<t<T,
t
u(),v() e L,(0,T; H, (),
2(00=29, z9eH, (@), 20=2, 29 eH, (),
where operator A s defined in the view 2).

: <t<
In [2] it is found that in the space C(O’T’ H r+1 (Q)) there is unique function Z(t)’ O<t<T , Which
is the solution of the problem (6) in the sense of the generalized function theory (distribution theory) and

2() eC(0,T; H, (X))

r+l

(6)

The functions U() and V() are called controls of the confrontational sides. They satisfy restrictions, defined
by one of the following inequality systems:

u®)|<p |vt)| <o, 0<t<T; -

90



Ibragimov et al., World J Pharm Sci 2017; 5(2): 89-95
pOl<p, WOl<o;

where £ and O are nonnegative constants.

(8)

Let’s call the controls U() and V() satisfying one of the conditions (7)-(8), as permitted. Let’s call the

controlled system (6), in which u() and v() satisfy the inequalities (7), (8) as the problem ((6),(7)); ((6).(8)).
Definition. We say that in the problem ((6) and (7)); ((6) and (8))) one can avoid the collision from the initial

2, =(z,29),2, %0

position , if for an arbitrary fixed positive number T it is possible to consruct a

control Vo () such that
1) Vo< (vO]<o in ((6),(8));

2) for the arbitrary control Uy () satisfying the inequality Huo(t)u <p (Huo ()H <p .
solution 20 (t), 0<t<T

2,(t), 0<t<T

, of the problem (6), where u()= UO(~) , v() = Vo () and its derivative
, don’t simultaneously become zero. At that, in order to find the value Vo (t) of the
control Vo () at every time moment t it is permitted to use the values:

8) 20 in (6)(7);

0) 20 ang Yo(8) t—0<s<t Uo(S),0<S<t,  t<0) i1 6@ where @ is an ambitrary
positive fixed number.

The collision avoidance problem consists in finding of the initial positions ZO, from which it is possible to

avoid the collisions (with the point 0), as well as in the explicit constructing of the control Vo () .

Theorem. 1) If o ,0’ then in the problems ((6),(7)) and ((6),(8)) it is possible to avoid collisions from any
initial position Zo) Zo # 0.

Proof. 1) a) Let’s consider the problem ((6),(7)). Let o ,07 T isa positive number, Uo () is an arbitrary
lus @< p z 0

We denote through Vo () the arbitrary control for now, its concrete form will be designated later.
Let

uo(t)=§ui(t)(pi vo(t)=§vi 0,

control, 0 is an arbitrary initial position, Zo

AR ZZi(O)(Di 20 = Zzi(o)(oi Z,(t) = Zzi (e
i=1 i=1 =1

are expansions in Fourier series, the vectors Uo (t) Vo (t) Z(O), 2@ and 20 (t) and ui(t), Vi (t)

(0) 5(0)
Zi , Zi , % (t) are their corresponding Fourier coefficients.

Substituting these expansions in the equation (6) and equating the related coefficients at Pi , We obtain the
infinite system of differential equations of second order

2
dz_iz(t)+gizi(t):—ui(t)+vi(t), i=12,..,

dt (1)
2,(0)=2 2,(0)=2"

and initial conditions
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(0) 0 _ (0)
As far as Ly # O, then there are two possible cases: 1. z 7 0; . Z - 0, 4 7 0.

Let’s consider the case I, because the case Il is studied similarly. Let k be the least value of index | , for which

(0) _ _
L' # O For the convenience of calculations let’s assume h = Zk, = Zk . Then

n(t) = 772('[), 17, (1) =—A, 7, (t) — U (1) + v, (t), 0<t<T
m0 =z 1,(00=2 a2

It is clear that
m(t) ‘ 70t e .
(772 (t)J ~° C{ZEO)] * ge © (=0, (5) + (s))ds}

where
1 .
COS. /At ——sin /At
o ayess TR R
C=(_lkoj ~ JsinZ b cos [At

oo) o)
k = k =
u", Vic/ (14)

Therefore ((13), (14))
t
o (o |17
etC(’h((t))):( IZO)]-F ’
7 2 t
; “ 7| Jeos A s[vi(s) —ug(s)]ds
0 (15)

Now it is clear that if Zo (t) =1 (t) =0 at some t=t'e [O’T], then Zy (t,) =1 (t,) - 0, ie.
771 (t,) - 772 (t,) = O Hence (15),

y
1 .
,O )
ol
.
2 + [cos,[4, s[v (s) —u,(s)]ds =0
0

(13)

(Q—uua%ds

(g—uuaﬂds=0

vi(t), 0<t<T i=12..,

Now let’s show that itis possible to choose the functions so that

st)=z9 - j sin /4, [V, (s) —u, (s)]ds =0
F

on [O'T]. It follows therefrom that at such way of control the function (ZO (t)’ 20 (t)) 0<t<T , does
not become zero.

(16)
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D) = ; . (0)
In fact, let Vi () =0 forall 17 k , and Vk() choose as follows (considering “K O; in case when

79 <0
, the discussions are produced similarly):

(o2 .
v, (1) =——=—=5sgnsin JAt
Vﬂ’k ,OStST (17)
Hvo(t)HSG

Note that at the specified way of choice Vo () , the inequality
Further, we have ((16) (17))

st)=z9 + Hsmfs‘ds+ j3|nrsuk(s)ds
\/7

holds obviously.

(18)

U (1) <=
Since Hu(t)HSp,then \/Tk ((4), (5)). It means that

‘sm,/ S‘p
sin suy (s) = —{sin s||u, (S)
VA sin /2, s|u (5)] 2 T
and as o2 p,then

st)>z0 + \/%i‘sin\/fks‘ds— pri‘sin\/ﬂs‘dszﬂko)
k

.(19)

Therefore, for all te [O’T]
St)>z9>0

we have

(20)

YA
As noted above, it follows from (20) that it is possible to avoid the collision from the initial position 0,

L < . .
b) And now let’s consider the problem ((6), (8)), considering P = o Arguing as above we obtain the formula

st)=0 . te[0T]

(15) and here we come to the conclusion that if , then the function

(ZO (t)’ 20 (t)) , 0<t<T , does not become 0. Thus, it all comes to the fact that by choosing the function
st)=0 . [0,T]

Vi () you need to achieve the fulfillment of the condition:

Let 7k . Let’s consider Vi ()=0 for all 1% k, and construct the function 'k () as follows.

Setting V(1) =0 on [0’5], 0<o6< ‘9, Vi (1) =V (t=9) on [5’T], the constant O will be

chosen below ((23), (29)).

Let in the beginning te [O 5] . Then from (16)

St)y=29 - Fjsmq/ . SU, (s)ds > Bg—fﬂu ((s)ds
k

(21)
and by virtue of the inequality Cauchy-Bunyakovsky

j\uk(s)\ds <t j-ulf(s)ds <5 juf
0 0 0

5E
G 22)
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under the fulfilment of the inequality

«/Z§ P <&

on the segment [0’ 5] we have
2,(t)#0 , [0,5]

(23)
>
V)22 (1) 03y

te[s,T]

Thus . Let now . Then from (16)

&1 L1
5(t) =3¢ +£ﬁsm JA su (s)ds +£ﬁsm JA su (s)ds -

t
1 .
— sin./A, su, (s—0o)ds

J5‘ /_lk k k |

It is easy to verify that

i\/%sin J A, s[u(s) —uk(s—é)]ds+tt5ﬁsin 2, su, (s)ds —

&1 L1 [ .

— | ——==sin /4, su, (s)ds+ | —=Isin /4, (5—0)—sin /A, S|u, (S—0)ds
[ sin A su@)s ] =i Ay S sl

(25)
Therefore ((24), (25))

t
1 .
o(t)=3¢+ | ——=sin_ /A, su,(s)ds —
S s s

(24)

_ iﬁ[sin \//Tks —sin \//Tk(s - 5)]uk (s —&)ds

Similarly (22) we have

(26)

L1 1 yo,
t_faﬁSIn\/TkSUK(S)dS < \//Tkx/g\/}TL
Further it is obvious that

1 . )
—sm\/Tks—sm\/Tk(s—é)‘gé
7

Therefore, if consider the inequalities

VoL <o JT-56-L <¢
k k , (29)

 tels,T] oY

. >
Thus, if choose the function Vi () as mentioned above, then on [O’T] the function 5(0 - 8. As noted
above it follows from here that it is possible to avoid the collision in the problem (6), (8) from the initial

(27)

(28)

as fulfilled, then for any we obtain ((23), (26)-(29))

position Zo . The theorem is proved.
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CONCLUSIONS

This work considers the collision avoidance problems. At that, various limitations are laid on the control
parameters, included in the first part of the equation. The sufficient conditions, providing avoidance of the
collisions from all initial positions were gained from the received problems with geometrical ((6), (7)) and
integral limits ((6), (8)).
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